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A comprehensive analysis on the photon self-energy, the fermion self-energy, and the fermion
vertex function is presented at one loop in the context of quantum electrodynamics (QED) with
1 extra dimension. In 5-dimensional theories, characterized by an infinite number of Kaluza-Klein
fields, one-loop amplitudes involve discrete as well as continuous sums,
∑∞
n=1
∫
d4k, that could
diverge. Using dimensional regularization, we express such sums as products of gamma and Epstein
functions, both defined on the complex plane, with divergences arising from poles of these functions
in the limit as D → 4. Using the analytical properties of the Epstein function, we show that the
ultraviolet divergences generated by the Kaluza-Klein sums can be consistently renormalized, which
means that the corresponding renormalized quantities reduce to the usual ones of QED at the limit
of a very large compactification scale R−1. The main features of QED at the one-loop level were
studied. We use the mass-dependent µ-scheme to calculate, in QED with an arbitrary number n
of extra dimensions, a beta function fulfilling all desirable physical requirements. We argue that
in this type of theories, with a large mass spectrum covering a wide energy range, beta functions
should not be calculated by using mass-independent renormalization schemes. We show that the
beta function is finite for any energy µ. In particular, it reduces to the usual QED result e3/12pi2 for
m≪ µ≪ R−1 and vanishes for m≫ µ, with m the usual fermion mass. Throughout the work, the
decoupling nature of all our results obtained from the analytical properties of the Epstein function
is stressed.
PACS numbers:
I. INTRODUCTION
Quantum field theories in more than 4 spacetime dimensions became phenomenologically attractive since Anto-
niadis, Arkani-Hamed, Dimopoulos, and Dvali [1–3] argued that relatively large extra dimensions could show up
at the TeV scale. Shortly after, L. Randall and R. Sundrum introduced the notion of warped extra dimensions
to tackle the hierarchy problem [4]. Another well-known extra-dimensional approach is the so-called universal
extra dimensions (UED) [5], characterized by the assumption that all the dynamic variables propagate in the
compact dimensions. In the UED framework, the starting point consists in formulating the standard model
(SM) in a flat spacetime manifold M4+n = M4 × Nn, where M4 is the usual Minkowski space and Nn is a
n-dimensional Euclidean manifold. In this stage, one assumes that distance scales in consideration are so small
compared with the size of the extra dimensions that the SM in 4+ n dimensions is correctly governed by the (4 +n)-
dimensional Poincare´ group, ISO(1, 3+n), and by the gauge group SUC(3,M4+n)×SUL(2,M4+n)×UY (1,M4+n)1.
This is an effective field theory in 4 + n spacetime dimensions with an infinite number of Lagrangian terms,
which include a replica of the 4-dimensional SM and the set of all interactions of higher-than-4 mass dimen-
sions. At lower energies, when the finite size of the manifold Nn is apparent, one needs to pass from the
ISO(1, 3 + n) × SUC(3,M4+n) × SUL(2,M4+n) × UY (1,M4+n) description, suitable for 4 + n dimensions, to the
standard 4-dimensional description, provided by ISO(1, 3) × SUC(3,M4) × SUL(2,M4) × UY (1,M4), which is
achieved through an appropriate compactification scheme, followed by two canonical transformations [6–8] that allow
us to map covariant objects of the extended groups into covariant objects of the standard groups. The process of
hiding the extended symmetry into the standard symmetry leads to an effective theory in which each SM field has
an associated infinite set of Kaluza-Klein (KK) modes, which are quantized in the standard way [8]. Symbolically,
we start from a finite set of fields {ϕa(x, x¯)} (with x ∈ M4, x¯ ∈ Nn and a a covariance index) governed by the
extended groups, and then we pass to a set of fields that comprises the 4-dimensional SM fields {ϕa(x)} and an
infinite number of KK fields {ϕ(n)a (x)} (with (n) a collection of natural indices) governed by the standard groups.
1 This extension of the usual SM group differs only in the support spacetime manifold, meaning thatM4+n is used instead ofM4.
2Both descriptions are equivalent because one passes from one to the other through a canonical transformation. In
this approach, conservation of extra-dimensional momentum leads to an effective theory that preserves KK parity,
which introduces dynamical restrictions between SM and KK particles. In particular, KK effects on SM observables
first arise at one loop, which show us the importance of studying the one-loop structure of this type of theories.
The phenomenological impact of 1 extra dimension on observables sensitive to new-physics effects has been a
subject of interest in the literature. This is the case, for instance, of Higgs physics [9], flavor physics [7, 10], the
electroweak gauge sector [11], B physics [12], and collider physics [13, 14]. All these investigations show that the
one-loop contributions of the infinite number of KK modes lead to amplitudes free of divergences. However, as far
as we know, no investigations addressing contributions from 5-dimensional field formulations to amplitudes sensitive
to ultraviolet (UV) divergences, such as self energies or vertex functions that require renormalization, exist. This
sets an unusual challenge, as one must consider the UV divergencies from the one-loop contributions induced by
an infinite number of fields, which may be a source of a new class of divergences. If the number of KK excitations
were finite, no matter how large, we would be in a conventional scenario of calculating the one-loop contribution
of a large, but finite, number of particles to a given vertex function. These types of scenarios are common in
many extensions of the SM. Nonetheless, in our case, where the number of KK fields is infinite, the infinite sum
involved in considering all these contributions may or may not converge. In this type of theories, a typical one-loop
amplitude will involve, besides the usual continuous sum, a discrete infinite KK-mode sum, that is,
∑∞
n=1
∫
d4k.
To handle possible divergences, both continuous and discrete sums must be regularized. As it is well known, the
dimensional-regularization scheme [15, 16] has proven to be the best known tool for handling short-distance effects
in the usual spacetime M4. In this scheme, the spacetime dimension is promoted to D = 4 − ǫ dimensions, being ǫ
a complex number. Divergences, if they exist, appear as poles of the gamma function in the limit as ǫ → 0. In this
paper, we show that this scheme can be used to simultaneously regularize both the discrete and continuous sums
by using the analytical properties of the Epstein zeta function [17], which is a generalization of the Riemann zeta
function [18]. We will show that one-loop amplitudes can naturally be expressed as products of gamma functions
and Epstein functions, with the divergencies from continuous and discrete sums appearing as the poles of the gamma
function and the Epstein function, respectively. The main goal of this work is to develop this idea in the context
of quantum electrodynamics (QED) with one UED, which we refer to by the acronym 5DQED. We focus on the
one-loop impact of KK fields on the three basic Green functions of QED, namely, the fermion self-energy, the photon
self-energy and the fermion vertex function. This means that we must consider the one-loop contributions of the
infinite set of KK modes associated with the usual spinor field and the gauge field that describe some charged fermion
and the photon in QED. One of the main objectives of this work is to show how this type of divergences can be
regularized and consistently absorbed by the parameters of the theory. Although we will focus only in one extra
dimension, some of the more relevant results will be discussed in the broader context of an arbitrary number of extra
dimensions. In particular, we will address aspects of vacuum polarization.
One of the main goals of this work is to show how dimensional regularization allows us to control, through the
gamma function and the Epstein zeta function, the divergences that can arise from continuous and discrete sums,
respectively. To show the internal consistence of our approach, we study many of the well-known one-loop properties
of QED. Besides verification of the Ward identity at one loop and the correction to the anomalous magnetic dipole
moment, we calculate the effective charge [19] in the presence of an arbitrary number n of extra dimensions and
study some of its more important implications at the one-loop level, such as gauge independence, the Thompson
limit, and the correction to Coulomb’s Law. The study of the beta function deserves special attention. We discuss
the disadvantages of using a mass-independent renormalization scheme in the calculation of beta function in this
type of theories. The reason is the presence of massive particles in a wide range of energies. So, we show that a
physically acceptable beta function for this type of theories can be obtained using the mass-dependent scheme known
as the µ-scheme, with µ the subtraction point. We show that the beta function so calculated satisfies all physical
requirements and reduces to the well-known value obtained in mass-independent schemes, such as MS or MS. The
decoupling nature of new-physics effects arising from extra dimensions is shown to occur in all calculated one-loop
amplitudes.
The paper has been organized as follows. The basic structure of 5DQED, including the Feynman rules needed for our
calculations, will be discussed in Sec.II. The one-loop structure of the fermion self-energy, the photon self-energy, the
fermion vertex function, and the Ward-Takahashi identity are studied in Sec.III. The impact of an arbitrary number
n of extra dimensions on the vacuum polarization is explored in Sec.IV. Finally, we will present our conclusions in
Sec.V.
3II. QED WITH ONE EXTRA DIMENSION
First of all, we recall that there is no chirality in odd-dimensional spinor formulations. This means that field
theories defined in spacetimes with an odd number of dimensions are necessarily vector-like. The construction of
the 5-dimensional SM and, in particular, QED requires the symmetry dictated by the orbifold S1/Z2 (with S
1 the
circle of radius R), used to dimensionally reduce the theory. In five dimensions, as in the 4-dimensional case, Dirac
fields are still objects with four components. The corresponding generators are given by SMN = i4 [γ
M , γN ], with
γM = γµ, iγ5 the standard Dirac matrices, which satisfy the Clifford’s algebra {γM , γN} = 2gMN . Throughout the
paper we will use a metric with negative signature, that is, g = diag(+1,−1,−1,−1,−1).
The generation of the mass terms for zero modes in 5DQED is somewhat subtle. The problem has been addressed
from two different, but equivalent, perspectives [7, 20, 21]. In one of these approaches, we start from the fact
that QED is embedded in the electroweak theory and then we generate the mass of the zero mode via the Higgs
mechanism [7, 21]. This leads to a doubly mass-degenerate KK spectrum ψ
(n)
(1) and ψ
(n)
(2) associated with the zero
mode fermion field ψ(0) ≡ ψ. The other approach consists in assuming QED as a self-contained theory, so the mass of
the zero mode is generated by introducing a set of mirror fermions [20]. In this case, the zero mode ψ has associated
a mass-degenerate double KK spectrum. Both approaches lead to the same dynamics of the charged fermion ψ,
the electromagnetic gauge field A
(0)
µ ≡ Aµ, and their KK excitations (ψ(n)(1) , ψ(n)(2) ) and (A(n)µ , A(n)G ), respectively. A
comprehensive analysis on the matter is given in Refs. [7, 20, 21], so we restrict ourselves to present those results
that are needed four our purposes. In the case of only one extra dimension there are no physical scalar fields. The
only scalar field is the pseudo-Goldstone boson A
(n)
G associated with the gauge field A
(n)
µ and emerged from the KK
mass-generation mechanism.
The 4-dimensional effective KK Lagrangian is given by
Leff QED = LQED + L0-KK + LKK + Ld>4 , (II.1)
with LQED the standard QED Lagrangian, given by
LQED = ψ¯(i/D −m)ψ − 1
4
FµνF
µν − 1
ξ
(∂µA
µ)2 , (II.2)
where ξ is the gauge-fixing parameter. The Lagrangian L0-KK plays a central role in our study because it contains
the interactions between KK zero modes and excited modes. As it was anticipated, the KK excitations of ψ, ψ
(n)
(1) and
ψ
(n)
(2) , are mass degenerate, being their masses given by m
2
ψ(n)
= m2+m2(n), with m
2
(n) ≡ p(n)5 p(n)5 = (n/R)2. Here p(n)5
is the component of the momentum along the compact dimension. A mixing between ψ
(n)
(1) and ψ
(n)
(2) arises, which is
characterized by the angle
tan θψ(n) =
√
mψ(n) +m(n)
mψ(n) −m(n)
. (II.3)
The Lagrangian L0-KK is given by
L0-KK = ψ¯(i/D −m)ψ +
∞∑
n=1
[
ψ¯
(n)
(1) (i/D −mψ(n))ψ(n)(1) + ψ¯(n)(2) (i/D −mψ(n))ψ(n)(2)
]
+Qψe
∞∑
n=1
A(n)µ
[
ψ¯γµ
(
sψ(n)PL + cψ(n)PR
)
ψ
(n)
(1) + ψ¯
(n)
(1) γ
µ
(
sψ(n)PL + cψ(n)PR
)
ψ
−ψ¯γµ (cψ(n)PL + sψ(n)PR)ψ(n)(2) − ψ¯(n)(2) γµ (cψ(n)PL + sψ(n)PR)ψ]
+iQψe
∞∑
n=1
A
(n)
G
[
ψ¯
(
sψ(n)PR − cψ(n)PL
)
ψ
(n)
(1) − ψ¯(n)(1)
(
sψ(n)PL − cψ(n)PR
)
ψ
+ψ¯
(
cψ(n)PR − sψ(n)PL
)
ψ
(n)
(2) − ψ¯(n)(2)
(
cψ(n)PL − sψ(n)PR
)
ψ
]
, (II.4)
where sψ(n) and cψ(n) stand for the sine and the cosine of the mixing angle θψ(n) . On the other hand, LKK represents
interactions only among KK excitations. In this case, we only display the quadratic parts, which is needed to define
4µ ν
k
Aα
= − ik2
[
gµν − (1− ξ)kµkνk2
]
µ ν
k
A(n)α
= − i
k2−m2(n)
[
gµν − (1− ξ(n)) kµkνk2−ξ(n)m2(n)
]
k
A
(n)
G
= − i
k2−ξ(n)m2(n)
FIG. 1: Free propagators in the Rξ-gauge. The calculations are performed in the Feynman-’t Hooft gauge (ξ = 1 and ξ(n) = 1).
the propagators of the KK excitations of the electromagnetic gauge field. Then, we have
LKK = −1
4
∞∑
n=1
F (n)µν F
(n)µν +
∞∑
n=1
[
1
2
(∂µA
(n)
G )(∂
µA
(n)
G ) +m(n)A
(n)
µ (∂
µA
(n)
G ) +
1
2
A(n)µ A
(n)µ
]
−
∞∑
n=1
1
2ξ(n)
f (n)f (n) + · · · (II.5)
where the last term, involving products f (n)f (n), represents the gauge-fixing term for gauge invariance charac-
terized by the KK gauge parameters α(n)2. The gauge-fixing functions for excited gauge modes are given by
f (n) = ∂µA
(n)µ − ξ(n)m(n)A(n)G , with ξ(n) the gauge-fixing parameter. We stress that the Lagrangians displayed in
Eqs. (II.2), (II.4), and (II.5) contain only renormalizable interactions in the sense that their canonical dimension is
less than or equal to 4. This is so because these interactions arise from the compactification of the 5-dimensional
version of QED. This fact has important consequences at the one-loop level.
Finally, Ld>4 contains all the interactions of canonical dimension higher than 4 that are compatible with the
ISO(1, 3)×UQ(1,M4) symmetry. This type of interactions must be present in the 4-dimensional KK theory because
the 5-dimensional theory is nonrenormalizable, according to power-counting criterion (Dyson’s criterion), and thus
must already be present even before compactification. In this work we will not consider loop insertions coming from
this sector.
The Feynman rules needed for our calculations are shown, in the Rξ-gauge, in Figs. 1 and 2.
III. ONE-LOOP EFFECTS OF ONE EXTRA DIMENSION IN QED
In this section, we study the one-loop structure of the photon self-energy, the fermion self-energy, and the vertex
function ψ¯ψγ, in the context of QED with one extra dimension.
As usual, we relate renormalized quantities {ψ,Aµ, e} with bare quantities {ψB, AµB , eB} through renormalization
factors as follows:
ψB =
√
Z2ψ , AµB =
√
Z3Aµ , eB =
(
Z1
Z2
)
Z
− 12
3 e . (III.1)
2 The five-dimensional gauge parameter α(x, x¯) is assumed to be even under x¯→ −x¯, so it is Fourier expanded as α(x, x¯) = 1√
2piR
α(0)(x)+
∑∞
n=1
1√
piR
cos
(
nx¯
R
)
α(n)(x). The zero mode is identified as the standard gauge parameter α ≡ α(0).
5Aµ
ψ¯, ψ¯
(n)
(1),(2) ψ, ψ
(n)
(1),(2)
A(n)µ
( ψψ¯
(n)
(1)
ψ¯
(n)
(2)
)
= ieQψγ
µ = ieQψγ
µ{ sψ(n)PL + cψ(n)PR−(cψ(n)PL + sψ(n)PR)
A(n)µ
ψ¯ (ψ
(n)
(1)
ψ
(n)
(2)
)
= ieQψγ
µ{ sψ(n)PL + cψ(n)PR−(cψ(n)PL + sψ(n)PR)
A
(n)
G
( ψ
=
ψ¯
(n)
(1)
ψ¯
(n)
(2)
)
eQψ {sψ(n)PL − cψ(n)PRcψ(n)PL − sψ(n)PR
A
(n)
G
ψ¯
=
(ψ
(n)
(1)
ψ
(n)
(2)
)
−eQψ{sψ(n)PR − cψ(n)PLcψ(n)PR − sψ(n)PL
FIG. 2: Vertices needed for the calculation of self-energies and vertex function in 5DQED.
Although we will not consider vertex functions containing external excited legs, we also define the corresponding
relations for the KK excited modes. In this case, we have
ψ
(n)
(1),(2)B =
√
Z
(n)
(1),(2) 2ψ
(n) , A
(n)
µB =
√
Z
(n)
3 A
(m)
µ , A
(n)
GB =
√
Z
(n)
G A
(n)
G . (III.2)
Then, the bare Lagrangian can be written as
Lbareeff QED = LQED + L0-KK + LKK + Ld>4 + LQEDc.t. + LKKc.t. + Ld>4c.t , (III.3)
where LQED, L0-KK, and LKK represent the renormalized Lagrangians given by Eqs.(II.2), (II.4), and (II.5), respec-
tively, while Ld>4 contains the interactions of dimension higher than four written in terms of renormalized quantities.
In addition, LQEDc.t. represents the standard or usual counterterm of QED, which is given by
LQEDc.t. = −
1
4
δ3FµνF
µν + ψ¯
(
iδ2/∂ − δm
)
ψ + eQψδ1ψ¯γ
µψAµ , (III.4)
where
δ3 = Z3 − 1 , δ2 = Z2 − 1 , δ1 = Z1 − 1 , δm = Z2mB −m. (III.5)
In Eq. (III.3), LKKc.t. and Ld>4c.t represent the counterterms that contain interactions between standard and KK fields,
which we do not present in this section, since we will not need them.
A. Fermion self-energy
The one-loop contribution to the fermion self-energy is given by the Feynman diagrams shown in Fig. 3. The
renormalized self-energy can be written as follows:
− iΣ5D(p) = −iΣ(p)− iΣKK(p)− iΣc.t.(p) , (III.6)
where −iΣ(p), −iΣKK(p), and −iΣc.t.(p) represent the standard one-loop contribution, the one-loop contribution of
the infinite number of KK modes, and the standard counterterm, respectively. In the Feynman-’t Hooft gauge (ξ = 1
6and ξ(n) = 1), the Feynman rules given in Figs. 1 and 2 lead to the following amplitudes:
−iΣ(p) = −e2Q2ψ(µ2)2−
D
2
∫
dDk
(2π)D
γµ(/k +m)γµ
[k2 −m2][(k − p)2 −m2γ ]
, (III.7a)
−iΣKK(p) = −e2Q2ψ(µ2)2−
D
2
∞∑
n=1
∫
dDk
(2π)D
TA + TG
[k2 −m2
ψ(n)
][(k − p)2 −m2(n)]
, (III.7b)
−iΣc.t.(p) = i(/pδ2 − δm) , (III.7c)
where µ is the dimensional-regularization scale. In the standard contribution, Eq. (III.7a), we have regularized the
infrared divergence by adding a small photon mass mγ . In addition, the terms TA and TG in (III.7b) stand for the
contributions of the gauge field A
(n)
µ and its pseudo-Goldstone boson A
(n)
G , respectively. They are given by
TA = γµ
(
/k +m
)
γµ , (III.8a)
TG = −/k +m, (III.8b)
where in obtaining these results we have used the relation 2sψ(n)cψ(n)mψ(n) = m.
Using Feynman parametrization and shifting k → k + xp, the standard and KK contributions can be written as
Σ(p) =
αQ2ψ
4π
∫ 1
0
dx(4πµ2)2−
D
2
1
iπ
D
2
∫
dDk
−(D − 2)x/p+Dm(
k2 − ∆ˆ22F
)2 , (III.9a)
ΣKK(p) =
αQ2ψ
4π
∫ 1
0
dx(4πµ2)2−
D
2
∞∑
n=1
1
iπ
D
2
∫
dDk
−(D − 1)x/p+ (D + 1)m(
k2 −∆2(n)F
)2 , (III.9b)
where ∆2(n)F = m
2
(n) + ∆
2
2F , with ∆
2
2F = (1 − x)m2 − x(1 − x)p2, and ∆ˆ22F = ∆22F + xm2γ . Note that the KK
contribution is free of infrared divergences. After solving the integrals on k, we obtain
Σ(p) =
αQ2ψ
4π
∫ 1
0
dxf(p) Γ
( ǫ
2
)( ∆ˆ22F
4πµ2
)− ǫ2
, (III.10)
for the standard contribution, where f(p) = −(2 − ǫ)x/p+ (4 − ǫ)m. As far as the KK contribution is concerned, we
have
ΣKK(p) =
αQ2ψ
4π
∫ 1
0
dx g(p) Γ
( ǫ
2
) ∞∑
n=1
(
∆2(n)F
4πµ2
)− ǫ2
=
αQ2ψ
4π
∫ 1
0
dx g(p) Γ
( ǫ
2
)( R−2
4πµ2
)− ǫ2 ∞∑
n=1
1
(n2 + c22F )
ǫ
2
=
αQ2ψ
4π
∫ 1
0
dx g(p) Γ
( ǫ
2
)( R−2
4πµ2
)− ǫ2
E
c22F
1
( ǫ
2
)
, (III.11)
where g(p) = −(3− ǫ)x/p+ (5 − ǫ)m. In the last step we have introduced the one-dimensional Epstein zeta function,
which is defined as
Ec
2
1 (s) =
∞∑
n=1
1
(n2 + c2)s
. (III.12)
This function is a generalization of the Riemann zeta function,
ζ(s) =
∞∑
n=1
1
ns
. (III.13)
7In our case, c22F =
∆22F
R−2
and s = ǫ/2. Note that both the Gamma function and the Epstein function are defined
on the complex plane. Since the one-dimensional Epstein function has simple poles at s = 12 ,− 12 ,− 32 , · · · [22], it is
clear that E
c22F
1
(
ǫ
2
)
converges in the ǫ→ 0 limit. This is a remarkable result, which emerges as a consequence of the
analytical properties of the Epstein function.
From the above results, the one-loop contribution to the self-energy of the fermion ψ can be written as follows:
Σ5D(p) =
αQ2ψ
4π
∫ 1
0
dxΓ
( ǫ
2
)f(p)
(
∆ˆ22F
4πµ2
)− ǫ2
+ g(p)
(
R−2
4πµ2
)− ǫ2
E
c22F
1
( ǫ
2
)+ δm − /pδ2 . (III.14)
To determine the counterterms δm and δ2 we use the on-shell renormalization conditions
Σ5D(/p)
∣∣∣
/p=m
= 0 , (III.15a)
d
d/p
Σ5D(/p)
∣∣∣
/p=m
= 0 . (III.15b)
These renormalization conditions lead to
δ2 =
αQ2ψ
4π
∫ 1
0
dxΓ
( ǫ
2
){( ¯ˆ∆22F
4πµ2
)− ǫ2 [
df¯
d/p
− ǫ
2
(
2mf¯
¯ˆ
∆22F
)(
d
¯ˆ
∆22F
dp2
)]
+
(
R−2
4πµ2
)− ǫ2 [dg¯
d/p
E
c¯22F
1
( ǫ
2
)
− ǫ
2
(2mg¯)E
c¯22F
1
(
1 +
ǫ
2
)(dc¯22F
dp2
)]}
, (III.16)
δm =
αQ2ψ
4π
∫ 1
0
dxΓ
( ǫ
2
){( ¯ˆ∆22F
4πµ2
)− ǫ2 [
m
df¯
d/p
− f¯ − ǫ
2
(
2m2f¯
¯ˆ
∆22F
)(
d
¯ˆ
∆22F
dp2
)]
+
(
R−2
4πµ2
)− ǫ2 [(
m
dg¯
d/p
− g¯
)
E
c¯22F
1
( ǫ
2
)
− ǫ
2
(
2m2g¯
)
E
c¯22F
1
(
1 +
ǫ
2
)(dc¯22F
dp2
)]}
, (III.17)
where we use the bar notation to indicate that the function under consideration has been evaluated at /p = m, that
is, F¯ = F (/p = m). In addition, we have used the chain rule
d
d/p
= 2/p
d
dp2
= 2/p
dc22F
dp2
d
dc22F
, (III.18)
together with the fact that
dE
c22F
1
(
ǫ
2
)
dc22F
= − ǫ
2
E
c22F
1
(
1 +
ǫ
2
)
. (III.19)
It is worthwhile to write the divergent parts of counterterms δ2 and δm, separating explicitly the contributions arising
from both the zero mode and the KK excitations. Keeping only the part proportional to the pole of the gamma
function, we have:
δ2 = −
αQ2ψ
4π


(
2
ǫ
)
︸ ︷︷ ︸
SC
+
3
2
ζ(0)
(
2
ǫ
)
︸ ︷︷ ︸
KKC
+ · · ·

 , (III.20a)
δm = −
αQ2ψ
4π
m

4
(
2
ǫ
)
︸ ︷︷ ︸
SC
+5ζ(0)
(
2
ǫ
)
︸ ︷︷ ︸
KKC
+ · · ·

 , (III.20b)
8where SC and KKC are acronyms for “standard contribution” and “KK contribution”, respectively. Note that
ζ(0) = −1/2. The importance of simultaneously regularizing discrete and continuous sums using the dimensional
regularization scheme can now be appreciated.
On the other hand, using the relations
f(p) + (m− /p)df¯
d/p
− f¯ = 0 , (III.21a)
g(p) + (m− /p)dg¯
d/p
− g¯ = 0 , (III.21b)
we can write the renormalized fermion self-energy as
Σ5D(p) =
αQ2ψ
4π
∫ 1
0
dxΓ
( ǫ
2
){
f(p)

( ∆ˆ22F
4πµ2
)− ǫ2
−
(
¯ˆ
∆22F
4πµ2
)− ǫ2
+
(
R−2
4πµ2
)− ǫ2
g(p)
[
E
c22F
1
( ǫ
2
)
− E c¯22F1
( ǫ
2
)]
− ǫ
2
(m− /p)
[(
2mf¯
¯ˆ
∆22F
)(
¯ˆ
∆22F
dp2
)
+
(
R−2
4πµ2
)− ǫ2
(2mg¯)E
c¯22F
1
(
1 +
ǫ
2
)(dc¯22F
dp2
)]}
. (III.22)
In the above expressions,
¯ˆ
∆22F = (1 − x)2m2 + xm2γ and c¯22F = (1 − x)2m2/R−2. In addition, f¯ = 2(2 − x)m and
g¯ = (5 − 3x)m. Now, the following relations:
Γ(s) =
1
s
− γE +O(s) , (III.23a)
X−s = 1− s log(X) +O(s2) , (III.23b)
Ec
2
1 (s) = E
c2
1 (0) +
dEc
2
1 (s)
ds
∣∣∣
s=0
s+O(s2)
= ζ(0)− s
∞∑
n=1
log(n2 + c2) +O(s2) , (III.23c)
valid near s = 0, allow us to express the renormalized fermion self-energy as
Σ5D(p) =
αQ2ψ
4π
∫ 1
0
dx
{
2(2m− x/p) log
(
¯ˆ
∆22F
∆ˆ22F
)
+ (m− /p)
[
4x(1 − x)(2 − x)m2
(1− x)2m2 + xm2γ
]
+(5m− 3x/p)
∞∑
n=1
log
(
∆¯2(n)F
∆2(n)F
)
+ (m− /p)
[
2x(1 − x)(5 − 3x)
( m
R−1
)2
E
c¯22F
1 (1)
]}
, (III.24)
with the first line of the above expression corresponding to the standard contribution, and the second one corresponding
to the KK contribution. It is easy to show that effects from the extra dimension decouple in the limit as R−1 →∞.
On the other hand, the multi-dimensional Epstein function can be expressed in power series of c2 [23, 24], which in
the case of E
c¯22F
1 (1) becomes
E
c¯22F
1 (1) = ζ(2) + F (c¯
2
2F ) , (III.25)
where
F (c¯22F ) =
∞∑
k=1
(−1)kζ(2k + 2)c¯2k2F . (III.26)
Note that ζ(2) = π
2
6 .
9pp = +pp ppψ
k
Aµ
k − p
ψ
(n)
(1,2)
A(n)µ
k
k − p
+ +
p p p p
A
(n)
G
k
ψ
(n)
(1,2)
k − p
FIG. 3: Feynman diagrams contributing to the fermion self-energy in the Feynman-t’Hooft gauge. The counterterm diagram
is also shown.
B. Photon self-energy
We now proceed to calculate the one-loop contribution from 5DQED to the photon self-energy. This contribution
is generated by the diagrams displayed in Fig. 4. Due to gauge invariance, the amplitude must have the following
gauge structure: iΠµν(q) = i(q2gµν − qµqν)Π(q2). The one-loop contribution, including the counterterm, is given by
iΠµν5D(q) = iΠ
µν(q) + iΠµνKK(q) + iΠ
µν
c.t.(q) , (III.27)
with
iΠµν(q) = −e2Q2ψ(µ2)2−
D
2
∫
dDk
(2π)D
tr
[
γµ(/k +m)γν(/k + /q +m)
]
[k2 −m2][(k + q)2 −m2] , (III.28a)
iΠµνKK(q) = −e2Q2ψ(µ2)2−
D
2 2
∞∑
n=1
∫
dDk
(2π)D
tr
[
γµ(/k +mψ(n))γ
ν(/k + /q +mψ(n))
]
[k2 −m2
ψ(n)
][(k + q)2 −m2
ψ(n)
]
, (III.28b)
iΠµνc.t.(q) = −i(q2gµν − qµqν)δ3 . (III.28c)
In the KK contribution, iΠµνKK(q), a factor 2 has been introduced to take into account the contribution from the
mass-degenerate pair of KK fermions ψ
(n)
(1) and ψ
(n)
(2) .
Once Feynman parametrization has been implemented, we introduce the change of variables k → k − xq, and then
use the symmetry relation kµkν → k2gµν/D to obtain
iΠµν(q) = −4e2Q2ψ(µ2)2−
D
2
∫ 1
0
dx
∫
dDk
(2π)D
[
2
D
(
1− D2
)
k2 +m2 + x(1 − x)q2] gµν − 2x(1− x)qµqν
(k2 −∆22P )2
, (III.29a)
iΠµνKK(q) = −4e2Q2ψ(µ2)2−
D
2 2
∞∑
n=1
∫ 1
0
dx
∫
dDk
(2π)D
[
2
D
(
1− D2
)
k2 +m2
ψ(n)
+ x(1− x)q2
]
gµν − 2x(1− x)qµqν(
k2 −∆2(n)P
)2 ,
(III.29b)
where ∆22P = m
2 − x(1 − x)q2 and ∆2(n)P = m2(n) +∆22P . Due to gauge invariance, there is no quadratic divergence,
as the integral on k2 is proportional to (1 − D2 )Γ(1 − D2 ) = Γ(2 − D2 ). For the same reason, the dependence of both
numerators on the mass disappears. Consequently, we can write the one-loop polarization functions as
Π(q2) = −αQ
2
ψ
4π
∫ 1
0
dx fP (x)Γ
( ǫ
2
)( ∆22P
2πµ2
)− ǫ2
, (III.30a)
ΠKK(q
2) = −αQ
2
ψ
4π
∫ 1
0
dx fP (x) 2 Γ
( ǫ
2
) ∞∑
n=1
(
∆2(n)P
4πµ2
)− ǫ2
= −αQ
2
ψ
4π
∫ 1
0
dx fP (x)
(
R−2
4πµ2
)− ǫ2
2 Γ
( ǫ
2
)
E
c22P
1
( ǫ
2
)
, (III.30b)
where fP (x) = 8x(1− x) and c22P = ∆22P /R−2. Then, the renormalized polarization function can be written as
Π5D(q
2) = −αQ
2
ψ
4π
∫ 1
0
dx fP (x)Γ
( ǫ
2
)[( ∆22P
2πµ2
)− ǫ2
+
(
R−2
4πµ2
)− ǫ2
2E
c22P
1
( ǫ
2
)]
− δ3 . (III.31)
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FIG. 4: Feynman diagrams contributing to the the photon self-energy. The counterterm diagram also is included.
To determine the counterterm, we impose the renormalization condition
Π5D(0) = 0 , (III.32)
which leads to
δ3 = −
αQ2ψ
4π
∫ 1
0
dx fP (x)Γ
( ǫ
2
)[( ∆¯22P
2πµ2
)− ǫ2
+
(
R−2
4πµ2
)− ǫ
2
2E
c¯22P
1
( ǫ
2
)]
, (III.33)
where ∆¯22P = m
2 and c¯22P = m
2/R−2. As in the case of the fermion self-energy, it is worth analyzing the divergent
part of this counterterm. Keeping only the pole of the gamma function, we have
δ3 = −
αQ2ψ
3π


(
2
ǫ
)
︸ ︷︷ ︸
SC
+2ζ(0)
(
2
ǫ
)
︸ ︷︷ ︸
KKC
+ · · ·

 . (III.34)
Since ζ(0) = −1/2, the KK divergence exactly cancels the standard divergence. This cancelation of the UV
divergences at the one-loop level is a consequence of the double multiplicity of the KK excitations of the fermion ψ.
However, as we will see below, this cancelation no longer occurs when there is more than one extra dimension.
Using the relations given by Eqs. (III.23a), (III.23b), and (III.23c), the polarization function becomes
Π5D(q
2) = −αQ
2
ψ
4π
∫ 1
0
dx fP (x)
{
log
[
m2 − x(1 − x)q2
m2
]
+ 2
∞∑
n=1
log
[
m2
ψ(n)
− x(1− x)q2
m2
ψ(n)
]}
. (III.35)
The structure of this result is quite suggestive and reflects the consistency of our regularization scheme. In the first
term of the above expression we can recognize the usual contribution of QED to the vacuum polarization [25], while in
the following term a replica of this contribution for each KK excitation appears. While the standard contribution arises
essentially from terms of the form Γ
(
ǫ
2
) ( ∆22P
2πµ2
)− ǫ2
, the KK contribution comes from terms of the form Γ
(
ǫ
2
)
E
c22P
1
(
ǫ
2
)
[see Eqs.(III.23a), (III.23b), and (III.23c)]. Note that the KK contributions vanishes in the R−1 →∞ limit.
C. The vertex
Up to one-loop level, the contribution of 5DQED to the fermion vertex function ψ¯ψγ is given by the Feynman
diagrams shown in Fig. 5. The corresponding vertex function can be written as follows:
ieQψΓ
µ
5D(p
′, p) = ieQψγµ + ieQψΓµ(p′, p) + ieQψΓ
µ
KK(p
′, p) + ieQψΓ
µ
c.t.(p
′, p) , (III.36)
where
Γµ(p′, p) = −ie2Q2ψ(µ2)2−
D
2
∫
dDk
(2π)D
T µ
[k2 −m2γ ][(k + p)2 −m2][(k + p′)2 −m2]
, (III.37a)
ΓµKK(p
′, p) = −ie2Q2ψ(µ2)2−
D
2
∞∑
n=1
∫
dDk
(2π)D
T µA + T
µ
G
[k2 −m2(n)][(k + p)2 −m2ψ(n) ][(k + p′)2 −m2ψ(n) ]
, (III.37b)
Γµc.t.(p
′, p) = δ1γµ , (III.37c)
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with
T µ = (2 −D)/kγµ/k + 4m(k + p+ p′)µ − 4m2γµ , (III.38a)
T µA = (2 −D)/kγµ/k + 4m(k + p+ p′)µ − 2(m2 +m2ψ(n))γµ , (III.38b)
T µG = −/kγµ/k − 2(p+ p′)µ/k +
[
2(p+ p′) · k +m2 − q2 −m2
ψ(n)
]
γµ , (III.38c)
with T µA and T
µ
G representing the contributions, in the Feynman-’t Hooft gauge, of the gauge field A
(n)
µ and its
pseudo-Goldstone boson A
(n)
G , respectively. In obtaining the above results, the relation mψ(n)(2sψ(n)cψ(n)) = m was
used.
Using Feynman parametrization, Eqs. (III.37a) and (III.37b) become
Γµ(p′, p) = −ie2Q2ψ(µ2)2−
D
2 IPΓ(3)
∫
dDk
(2π)D
Tˆ µ[
k2 − ∆ˆ23V
]3 , (III.39a)
ΓµKK(p
′, p) = −ie2Q2ψ(µ2)2−
D
2 IPΓ(3)
∞∑
n=1
∫
dDk
(2π)D
Tˆ µA + Tˆ
µ
G[
k2 −∆2(n)V
]3 , (III.39b)
where
IP =
∫ 1
0
dx dy dz δ(x+ y + z − 1) . (III.40)
In addition, ∆ˆ23V = zm
2
γ+∆
2
3V , where ∆
2
3V = −xyq2+(1−z)2m2 and ∆2(n)V = m2(n)+∆23V . In the above expressions,
Tˆ µ =
[
(2−D)2
D
k2 − 2(1− 4z + z2)m2 − 2(1− x)(1 − y)q2
]
γµ − [4m2z(1− z)] iσµνqν
2m
, (III.41a)
Tˆ µA =
[
(2−D)2
D
k2 − 2(−4z + z2)m2 − 2m2
ψ(n)
− 2(1− x)(1 − y)q2
]
γµ − [4m2z(1− z)] iσµνqν
2m
, (III.41b)
Tˆ µG =
[
− (2−D)
D
k2 + z(2− z)m2 −m2
ψ(n)
− xyq2
]
γµ +
[
2m2(1 − z)2] iσµνqν
2m
, (III.41c)
where the Gordon identity has been used to eliminate (p′ + p)µ in favor of iσµνqν . It is convenient to write these
results in terms of electromagnetic form factors, that is,
Γµ5D(p
′, p) = F 5D1 (q
2)γµ + F 5D2 (q
2)
iσµνqν
2m
, (III.42)
where
F 5D1 (q
2) = 1 + F1(q
2) + FKK1 (q
2) + δ1 , (III.43a)
F 5D2 (q
2) = F2(q
2) + FKK2 (q
2) . (III.43b)
From Eqs.(III.39a)-(III.41c), the one-loop contribution of 5DQED to the form factors F 5D1 (q
2) and F 5D2 (q
2) can be
written as follows:
F1(q
2) =
αQ2ψ
4π
IP

2(1− ǫ
2
)2
Γ
( ǫ
2
)( ∆ˆ23V
4πµ2
)− ǫ2
+
fV
∆ˆ23V

 , (III.44a)
F2(q
2) =
αQ2ψ
4π
IP
4m2z(1− z)
∆ˆ23V
, (III.44b)
FKK1 (q
2) =
αQ2ψ
4π
IP
[
3
(
1− ǫ
2
)(
1− ǫ
3
)
Γ
( ǫ
2
)( R−2
4πµ2
)− ǫ2
E
c23V
1
( ǫ
2
)
− fˆ
R−2
E
c23V
1 (1) + 3ζ(0)
]
, (III.45a)
FKK2 (q
2) =
αQ2ψ
4π
IP 2(1− 4z + 3z2)
( m
R−1
)2
E
c23V
1 (1) . (III.45b)
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In the above expressions,
fV = 2(1− 4z + z2)m2 + 2(1− x)(1 − y)q2 , (III.46a)
fˆ = 4zm2 − 2(z + 3xy)q2 . (III.46b)
To determine the counterterm, we impose the on-shell renormalization condition
Γµ5D(0) = γ
µ , (III.47)
which leads to
δ1 = −F1(0)− FKK1 (0)
= −αQ
2
ψ
4π
IP
{
Γ
( ǫ
2
)2(1− ǫ
2
)2( ¯ˆ∆23V
4πµ2
)− ǫ2
+ 3
(
1− ǫ
2
)(
1− ǫ
3
)( R−2
4πµ2
)− ǫ2
E
c¯23V
1
( ǫ
2
)
+
f¯V
¯ˆ
∆23V
−
¯ˆ
f
R−2
E
c¯23V
1 (1) + 3ζ(0)
}
, (III.48)
where ∆¯23V = ∆
2
3V (q
2 = 0) = (1 − z)2m2, f¯V = fV (q2 = 0) = 2(1 − 4z + z2)m2, and ¯ˆf = fˆ(q2 = 0) = 4zm2. The
divergent part of this counterterm is given by
δ1 = −
αQ2ψ
4π


(
2
ǫ
)
︸ ︷︷ ︸
SC
+
3
2
ζ(0)
(
2
ǫ
)
︸ ︷︷ ︸
KKC
+ · · ·

 . (III.49)
For comparison purposes, it is convenient to explicitly write the renormalized form factor,
F 5D1 (q
2) = 1 +
αQ2ψ
4π
∫ 1
0
dx dy dz δ(x+ y + z − 1)
{
2 log
(
¯ˆ
∆23V
∆ˆ23V
)
+
fV
∆ˆ23V
− f¯V¯ˆ
∆23V
+3
∞∑
n=1
log
(
m2(n) + ∆¯
2
3V
m2(n) +∆
2
3V
)
+
(
¯ˆ
f
R−2
)
E
c¯23V
1 (1)−
(
fˆ
R−2
)
E
c23V
1 (1)
}
, (III.50)
where the first line corresponds to the standard contribution, while the second one is the KK contribution. As in the
cases of the fermion self-energy and of the photon self-energy, it is easy to show that the KK contribution disappears
from the expression (III.50) in the limit as R−1 →∞.
As far as the form factor FKK2 (q
2) is concerned, it can be written as follows:
FKK2 (q
2) =
αQ2ψ
4π
∫ 1
0
dx dy dz δ(x+ y + z − 1)
[
4z(1− z)m2
∆ˆ23V
+
2(1− 4z + 3z2)m2
R−2
E
c23V
1 (1)
]
. (III.51)
As it occurs in QED, this form factor is free of both ultraviolet and infrared divergences, so FKK2 (0) is a physical
quantity, given by
FKK2 (0) =
αQ2ψ
4π
∫ 1
0
dz(1− z)
[
4z
1− z + 2(1− 4z + 3z
2)
m2
R−2
E
c¯23V
1 (1)
]
=
αQ2ψ
4π
[2 + f(mR)] , (III.52)
where
f(mR) =
∞∑
k=0
(−1)k
(
2k + 1
2k2 + 7k + 6
)
ζ(2k + 2)(mR)2k+2 . (III.53)
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FIG. 5: Feynman diagrams contribution to the fermion vertex function in the Feynman-t’Hooft gauge. The counterterm diagram also is
displayed.
Then, the correction to the g-factor of the fermion ψ in 5DQED is:
a5Dψ = aψ
[
1 +
1
2
f(mR)
]
, (III.54)
where aψ =
αQ2ψ
2π is the standard g-factor. Note that the KK contribution decouples from the QED prediction as
powers of mR. The impact of extra dimensions on the muon anomalous magnetic moment has already been studied
in the context of the SM [26].
D. The Ward-Takahashi Identity
In QED, the fermion vertex function fulfills the Ward-Takahashi identity qµΓ
µ = S−1(p′) − S−1(p), with S−1 the
inverse of the fermion propagator. This identity is fulfilled to all orders of perturbation theory and guarantees that
F1(0) = 1. At one loop, this identity implies that δ1 = δ2 or Z1 = Z2. Now we proceed to prove that this occurs in
5DQED as well. Using the relations given by Eqs.(III.23a)-(III.23c), implementing an integration by parts to remove
the standard contribution, and carrying out some algebra, we get
δ2 − δ1 =
αQ2ψ
4π
∫ 1
0
dx
[
−3(1− 2x)
∞∑
n=1
log(n2 + c¯2) + 6x(1− x)2(mR)2E c¯21 (1)
]
, (III.55)
where c¯2 ≡ c¯22F = c¯23V . Integrating by parts the first integral, we can see that the right-hand side of the above equation
vanishes, showing in this way that δ1 = δ2, as it happens in QED. The crucial step to prove this is:
d
dx
∞∑
n=1
log(n2 + c¯2) = E c¯
2
1 (1)
dc¯2
dx
. (III.56)
The equation δ1 = δ2 in turn implies, from (III.5), that Z1 = Z2 and then, from (III.1), that eB = Z
− 12
3 e. Finally,
from (III.50), we can see that F 5D1 (0) = 1.
IV. VACUUM POLARIZATION IN (4 + n)DQED
In subsection III B we have seen that the ultraviolet divergence induced by the zero mode is canceled exactly by
the ultraviolet divergences that arise from its KK excitations. This cancellation occurs as a result of the double
multiplicity of KK excitations associated with zero mode [see Eq.(III.34)]. In this section, we study the photon
self-energy in QED with an arbitrary number n of extra dimensions [(4 + n)DQED] and show that such cancellation
of ultraviolet divergences at one loop is exclusive of 5DQED.
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A. The renormalized vacuum polarization function
In the UED approach, the (4 + n)-dimensional high-energy theory is governed by the extended group
ISO(1, 3 + n) × UQ(1,M4+n). In this case, the action of the theory is a functional of the SO(1, 3 + n) spinor
Ψ(x, x¯) and the SO(1, 3 + n)-vector gauge field AM (x, x¯). To describe physical effects at distance scales comparable
to the size of the compact n-dimensional manifold, we need to implement the two canonical maps described in
sections I and II, obtaining in this way an effective theory governed by the standard group ISO(1, 3) × UQ(1,M4).
To simplify the analysis, we will assume an even number n of extra dimensions, so there is chirality in this space.
The spinor Ψ(x, x¯) of SO(1, 3 + n) is mapped into 2
n
2 Dirac spinors ψ(x, x¯) of SO(1, 3); while the SO(1, 3 + n) vector
AM (x, x¯) is mapped into a vector Aµ(x, x¯) of SO(1, 3) and n scalars Aµ¯(x, x¯) of SO(1, 3) (µ¯ = 5, · · · , 4 + n). We
assume that each coordinate x¯i is coiled in a circle of radius Ri and, as the case of one extra dimension, we introduce
the orbifold S1/Z2. Then, in the case of n extra dimensions we assume a compact manifold made of n copies of the
S1/Z2 orbifold. It is assumed, for simplicity, that all radii are equal, that is, R1 = · · · = Rn ≡ R. The compactified
(4 + n)DQED theory is made of the standard fields ψ(0)(x) ≡ ψ(x) and A(0)µ (x) ≡ Aµ(x), and their KK excitations,
namely, 2
n
2 KK Dirac spinors, ψ(m)(x), the gauge fields, A
(m)
µ (x), and their associated pseudo-Goldstone bosons
A
(m)
G (x), as well as n − 1 physical scalars A(m)n¯ (x) (n¯ = 1, · · · , n − 1). The masses of the KK spinors are given by
m2
ψ(m)
= m2 +m2(m), while the masses of the KK gauge fields and scalar fields are given by m
2
(m) ≡ p(m)µ¯ p(m)µ¯ . Here
m2(m) = R
−2m2, with m2 = m21 + · · ·+m2n any admissible combination of Fourier indices.
The (4 + n)DQED theory generates many couplings among the diverse fields that compose it, but here we are
interested only in those couplings that involve the electromagnetic field. These couplings are Aµψ¯ψ and Aµψ¯
(m)ψ(m),
whose Lorentz structure is dictated by the electromagnetic gauge group. The Feynman diagrams which contribute to
the renormalized vacuum polarization function Π(4+n)D(q
2) are the same as those in Fig. 4, but now we have 2
n
2 KK
ψ(m)(x) fields circulating in the loop instead of the 2 spinor fields that characterize the 5DQED theory. Then, the
one-loop contribution of (4 + n)DQED to the vacuum-polarization function can be written as follows:
Πloop(4+n)D(q
2) = −αQ
2
ψ
4π
∫ 1
0
dxfP (x)Γ
( ǫ
2
)( ∆22P
4πµˆ2
)− ǫ2
+ 2
n
2
∑
(m)
(
∆2(m)P
4πµˆ2
)− ǫ2 , (IV.1)
where, by reasons that will be clear below, from now on we will use the symbol µˆ instead of µ to denote the scale
of the dimensional regularization scheme. In addition, ∆2(m)P = m
2
(m) + ∆
2
2P . In the above expression, the symbol∑
(m), (m) 6= (0), summarizes a total of 2n − 1 different series and coincides with the notation
∑′
used in Ref. [27].
In fact,
∑
(m)
T (m) :=
∞∑
m1=1
T (m1,0,...,0) +
∞∑
m2=1
T (0,m2,0,...,0) + . . .+
∞∑
mn=1
T (0,...,mn)
+
∞∑
m1,m2=1
T (m1,m2,0,...,0) + . . .+
∞∑
mn−1,mn=1
T (0,...,0,mn−1,mn)
...
+
∞∑
m1,...,mn=1
T (m1,...,mn) . (IV.2)
Whereas positions of Fourier indices in the entries of (m) are not relevant, the number of occupied entries makes a
difference. So, in practice, one can use the following definition
∑
(m)
=
n∑
l=1
(
n
l
) ∞∑
m1=1
· · ·
∞∑
ml=1
. (IV.3)
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Then, Eq.(IV.1) can be written as
Πloop(4+n)D(q
2) = −αQ
2
ψ
4π
∫ 1
0
dxfP (x)Γ
( ǫ
2
)[(∆22P
4πµˆ2
)− ǫ2
+ 2
n
2
(
R−2
4πµˆ2
)− ǫ2 ∑
(m)
(
m2 + c22P
)− ǫ2 ]
= −αQ
2
ψ
4π
∫ 1
0
dxfP (x)
[
Γ
( ǫ
2
)(∆22P
4πµˆ2
)− ǫ2
+ 2
n
2
(
R−2
4πµˆ2
)− ǫ2 n∑
l=1
(
n
l
)
Γ
( ǫ
2
)
E
c22P
l
( ǫ
2
)]
, (IV.4)
where we have introduced the l-dimensional Epstein zeta function, which is defined as [22–24]
Ec
2
l (s) =
∞∑
(m1,··· ,ml)=1
1
(m21 + · · ·+m2l + c22P )s
. (IV.5)
Since the l-dimensional Epstein function Ec
2
l (s) have poles at s =
l
2 ,
l−1
2 , · · · ,− 12 ,− 32 , · · · , except zero [22], it is clear
that Ec
2
l
(
ǫ
2
)
converges for ǫ → 0. However, the way this happens is subtle, which can be appreciated more clearly
by expressing the Epstein function in terms of the Riemann zeta function, whose properties are well known in the
literature. One important result [24] express the l-dimensional Epstein function in terms of the 1-dimensional one:
Ec
2
l (s) =
(−1)l−1
2l−1
l−1∑
p=0
(
l − 1
p
)
(−1)pπ p2 Γ
(
s− p2
)
Γ(s)
Ec
2
1
(
s− p
2
)
. (IV.6)
The reduction to the Riemann zeta function is given through a power series in c2, which, in our case, means to assume
that c22P =
∆22P
R−2
< 1, which is sufficient for our purposes, since our effective theory is, by definition, valid only for
energies less than R−1. The pass from Ec
2
1 (s) to ζ(s) is given by [31]:
Ec
2
1 (s) =
∞∑
k=0
(−1)k
k!
Γ(k + s)
Γ(s)
ζ(2k + 2s)c2k , (IV.7)
where the Riemman function is defined by
ζ(s) =
∞∑
n=1
1
ns
, (IV.8)
which has a simple pole at s = 1. We can see from Eqs. (IV.6) and (IV.7) that finite terms which are the ratio of two
quantities that diverge when s tends to zero, as ζ(1+s)Γ(s) , arise for l > 1. This fact has nontrivial consequences when a
product of the form Γ(s)Ec
2
l (s), as the one appearing in Eq. (IV.4), is considered. Thus, case l > 1 must be treated
with some care. Using the above results, we can write,
n∑
l=1
(
n
l
)
Γ
( ǫ
2
)
Ec
2
l
( ǫ
2
)
=
1
2n−1
n∑
r=1
r∑
l=1
(
n
l − 1
)
π
n−r
2
∞∑
k=0
(−1)k
k!
Γ
(
2k + r − n+ ǫ
2
)
ζ(2k + r− n+ ǫ)c2k . (IV.9)
It is convenient to rewrite this expression so that its poles are evident. From the analytical properties of the gamma
and Riemann functions, we can see that divergences arise for 2k + r − n an even integer less or qual to zero or for
2k + r − n = 1, which, for a given n, determine the poles of the Γ(s) and ζ(s) functions, respectively. Then, after
some rearrangements, Eq. (IV.9) can be written as
n∑
l=1
(
n
l
)
Γ
( ǫ
2
)
Ec
2
l
( ǫ
2
)
= g(0)(n) Γ
( ǫ
2
)
ζ(ǫ) + F(0)(n) +
[n2 ]∑
k=1
[
f(k)(n)
1√
π
Γ
(
1 + ǫ
2
)
ζ(1 + ǫ)
+g(k)(n)Γ
( ǫ
2
)
ζ(ǫ) + F(k)(n)
]
c2k + F (n, c2) , (IV.10)
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where
g(0)(n) = 2
(
1− 1
2n
)
, (IV.11a)
F(0)(n) =
1
2n−1
n−1∑
r=1
r∑
l=1
(
n
l− 1
)
π
n−r
2 Γ
(
r − n
2
)
ζ(r − n) , n > 1 (IV.11b)
F(k)(n) =
1
2n−1

 n∑
r 6=n−(2k−1),n−2k

 r∑
l=1
(
n
l − 1
)
π
r−n
2 Γ
(
2k + r − n
2
)
ζ(2k + r − n) , n > 1 (IV.11c)
F (n, c2) =
1
2n−1
n∑
r=1
r∑
l=1
(
n
l− 1
)
π
n−r
2
∞∑
k=[n2 ]+1
(−1)k
k!
Γ
(
2k + r − n
2
)
ζ(2k + r − n)c2k . (IV.11d)
In the above expressions, the symbol [n2 ] means the floor of
n
2 , that is, the largest integer less than or equal to
n
2 . On
the other hand, the f(k)(n) and g(k)(n) functions have the following property:
f(k)(1) = · · · = f(k)(2k − 1) = 0 , (IV.12a)
g(k)(1) = · · · = g(k)(2k) = 0 . (IV.12b)
These relations implies that in the case of only one extra dimension, there are no divergences associated with the
power series in q2, since in this case f(k)(1) = 0 and g(k)(1) = 0 for all k = 1, 2, · · · . In the case n = 2, g(k)(2) = 0
for all k, but f(1)(2) 6= 0 and f(k)(2) = 0 for k = 2, 3, · · · . If n = 3, besides f(1)(3) 6= 0, we have g(1)(3) 6= 0, but
f(k)(3) = 0 and g(k)(3) = 0 for all k = 2, 3, · · · . Thus, for n = 2 and n = 3 divergences arise only in the first term
(k = 1) of the power series in q2. However, for the cases n = 4 and n = 5, divergences arise in both the first (k = 1)
and second (k = 2) terms of the power series in q2; n = 6 and n = 7 implies divergences in the terms q2, (q2)2, and
(q2)3, and os on. Explicit expressions of these functions are shown in Table I for k = 1, 2, 3, 4.
k f(k)(n) g(k)(n)
1 −2√pi
(
1− n+1
2n
)
−2pi
(
1− n2+n+2
2n+1
)
2 pi
3
2
(
1− n3+5n+6
3×2n+1
)
pi2
(
1− n4−2n3+11n2+14n+24
3×2n+3
)
3 −pi
5
2
3
(
1− n5−5n4+25n3+5n2+94n+120
15×2n+3
)
−pi3
3
(
1− n6−9n5+55n4−75n3+304n2+444n+720
45×2n+4
)
4 pi
7
2
12
(
1− n7−14n6+112n5−350n4+1099n3+364n2+3828n+5040
315×2n+4
)
pi4
12
(
1− n8−20n7+210n6−1064n5+3969n4−4340n3+15980n2+25584n+40320
315×2n+7
)
TABLE I: f(k)(n) and g(k)(n) as functions on the number n of extra dimensions for the first four powers of c
2.
From the expression (IV.10), two types of divergences can be identified, one of which depends neither on the external
moment nor on the compactification scale, which is characterized by the coefficient g(0)(n). Due to this, this type of
divergences can be identified as short distances effects on the usual spacetime manifold M4, that is, they are usual
ultraviolet divergences that are associated with divergences arising from the continuous sum
∫
d4k in the KK loop
amplitudes. In contrast, the other type of divergence we have in (IV.10) depends on both the external momenta and
the compactification scale. By its own nature, this type of divergence can be attributed to very high-energy effects
or, equivalently, to short distances effects on the compact manifold Nn. To see this, note that the one-loop KK
contributions behave like ∑
(k)
∫
d4k
Tµν···(
k2 −∆2(k)
)m =∑
(k)
∫
d4k
Tµν···(
k2 − k2(k) −∆2(0)
)m , (IV.13)
where k2(k) = m
2
(k) is the squared of the discrete momenta, that is, k
2 − k2(k) = kMkM , with kM = kµ + kµ¯. The right
side of the above equation is quite suggestive, since it clearly shows us that divergences can arise either for very large
kµ momenta or for very large discrete kµ¯ momenta, which may eventually result in a divergent continuous sum or in a
divergent discrete sum, respectively. In fact, a very large k2(k) implies a short distance effect in the compact manifold,
since 1/k2(k) = R
−2/k2 tends to zero for large combinations of Fourier indices k2. From these considerations, we can
think of this new class of divergences as genuine ultraviolet divergences that can be handled by renormalization in
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a broader or modern sense, as is usually done in the context of the effective field theories approach, which are not
renormalizable in the power counting sense [32]. Our general effective Lagrangian is given by Eq. (III.3), but we only
need to specify those interactions of canonical dimension higher than 4 needed to consistently remove divergences
that emerge proportionally to powers of (q2/R2). Due to gauge invariance, the corresponding bare Lagrangian must
be of the form
Ld>4B γ =
[n2 ]∑
k=1
α(k)
(R−2)k
(∂α1 · · · ∂αkFµν) (∂α1 · · · ∂αkFµν) +
[n2 ]∑
k=1
δ
(k)
3
(R−2)k
(∂α1 · · · ∂αkFµν) (∂α1 · · · ∂αkFµν) , (IV.14)
where δ
(k)
3 ≡ Z3αB(k) − 1. Then, the renormalized polarization function can be written as follows:
Π(4+n)D(q
2) =
[n2 ]∑
k=1
α(k)
(
q2
R−2
)k
+Πloop(4+n)D(q
2)− δ3 +
[n2 ]∑
k=1
δ
(k)
3
(
q2
R−2
)k
. (IV.15)
It is worth determining the counterterms using both a mass-independent scheme and a mass-dependent scheme.
Mass-independent scheme. We use a MS-like scheme, in which the counterterm is defined just to cancel the pole
of the divergence plus some constant quantities that do not involve energy scales. From Eqs. (IV.4), (IV.10), and
(IV.15), we can find the following counterterms:
δ3 =−
αQ2ψ
4π
(
4
3
)[
2
ǫ
− γ + log(4π) + 2n2 g(0)(n)
[
−1
ǫ
− 1
2
log
(
16π3
)
+
1
2
γ
]]
, (IV.16a)
δ
(k)
3 =
αQ2ψ
4π
2
n
2
(
4
3
)
2
n
2
{[
f(k)(n)− g(k)(n)
] 1
ǫ
+ f(k)(n)
[
γ +
1
2
log(4π) +
1
2
ψ(0)
(
1
2
)]
+ g(k)
[
1
2
γ − 1
2
log(16π3)
]}
, k = 1, · · · , [n
2
] , (IV.16b)
where ψ(0)
(
1
2
)
is the polygamma function of order zero and γ is the Euler-Mascheroni constant. In this scheme, the
renormalized polarization function is given by:
Π(4+n)D(q
2) =
αQ2ψ
4π
∫ 1
0
dxfP (x)
{
log
(
∆22P
µˆ2
)
− 2n2
[
F (n, c22P )− g(0)(n) log
(
R−2
µˆ2
)]
+
[n2 ]∑
k=1
[
α(k)
(
q2
R−2
)k
− 2n2−1 (f(k)(n)− g(k)(n)) log(R−2
µˆ2
)]}
(IV.17)
Note that this expression does not reduce to the usual one in the R−1 → ∞ limit, which means that there is no
decoupling of the new physics effects. This result is not surprising, since it is well known that in a mass-independent
scheme the decoupling of heavy physics is not manifest. Next, we discuss a different renormalization scheme in which
the de coupling of heavy physics is manifest.
Mass-dependent scheme. The main feature of mass-independent schemes is that they do not involve a kinematical
subtraction point. In contrast, mass-dependent schemes involve a subtraction point. Here, we choose an arbitrary sub-
traction point defined by q2 = −µ2, with µ the kinematical scale or subtraction scale. To determine the counterterms,
we impose on the polarization function the following [n2 ] + 1 renormalization conditions:
Π(4+n)D(q
2 = −µ2) = 0 , (IV.18a)
d
dq2
Π(4+n)D(q
2)
∣∣∣
q2=−µ2
= 0 , (IV.18b)
...
d[
n
2 ]
d(q2)[
n
2 ]
Π(4+n)D(q
2)
∣∣∣
q2=−µ2
= 0 . (IV.18c)
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To illustrate this renormalization scheme, we will study in detail the case n = 2. In such case, we have [n2 ] = 1, so
from expression (IV.15) we have only the counterterms δ3 and δ
(1)
3 . A direct calculation leads to,
δ3 =−
αQ2ψ
4π
∫ 1
0
dxfP (x)
{
Γ
( ǫ
2
)( ∆¯22P
4πµˆ2
)− ǫ2
+
x(1− x)µ2
∆¯22P
+ 2
[
A(0)(2, ǫ) +
(
m2
R−2
)
Aˆ(1)(2, ǫ)
]
+ 2
[
F (2, c¯22P ) +
(
m2
R−2
− c¯22P
)
dF (2, c¯22P )
dc¯22P
]}
, (IV.19a)
δ
(1)
3 =− α(1) −A(1)(2, ǫ) +
αQ2ψ
4π
∫ 1
0
dxfP (x)
[
x(1− x)
c¯22P
− 2x(1− x)dF (2, cˆ
2
2P )
dc¯22P
]
, (IV.19b)
where
A(0)(2, ǫ) =
(
R−2
4πµˆ2
)− ǫ2
g(0)(2)Γ
( ǫ
2
)
ζ(ǫ) + F(0) , (IV.20a)
Aˆ(1)(2, ǫ) =
(
R−2
4πµˆ2
)− ǫ
2
f(1)(2)
1√
π
Γ
(
1 + ǫ
2
)
ζ(ǫ) + F(1)(2) , (IV.20b)
A(1)(2, ǫ) =
αQ2ψ
4π
∫ 1
0
dxfP (x)[x(1 − x)]Aˆ(1)(2, ǫ) (IV.20c)
It is interesting to study more closely the divergent structure of the counterterms. Keeping only the poles of the
gamma and zeta functions, we have for δ3
δ3 = −
αQ2ψ
4π
(
4
3
)

(
2
ǫ
)
︸ ︷︷ ︸
SC
+3ζ(0)
(
2
ǫ
)
−√π
(
m2
R−2
)(
1
ǫ
)
︸ ︷︷ ︸
KKC

 , (IV.21)
where the term divergent proportional to (m2/R−2) corresponds to a short distance effect in the compact manifold,
which arises from the pole of the zeta function. The other two divergences correspond to short distances effects in the
usual spacetime manifold. Note that the term 3ζ(0)(2/ǫ) = 3
∑∞
k=1(2/ǫ) = −(3/2)(2/ǫ) represents the contribution
to usual ultraviolet divergences of the infinite number of KK fields. It can be appreciated from this expression that
the ultraviolet divergences induced by the KK excitations cannot cancel the one generated by the standard fermion
for any n = 2, as it occurs in the case n = 1. It is easy to show that this true for all n = 2, 4, · · · .
As far as the counterterm δ
(1)
3 is concerned, its singular part can be written as follows:
δ
(1)
3 = −
αQ2ψ
4π
(
4
3
)

√
π
(
1
ǫ
)
︸ ︷︷ ︸
KKC

 , (IV.22)
which correspond to a short distance effect in the compact manifold because it arises from expression (IV.10) for the
Epstein function given as a power series in c22P or, equivalently, in powers of the external momenta.
Substituting Eqs. (IV.19a) and (IV.19b) into Eq. (IV.15), we obtain the following renormalized polarization function:
Π6D(q
2) = −αQ
2
ψ
4π
∫ 1
0
dxfP (x)
{
log
(
∆¯22P
∆22P
)
+
x(1− x)q2
∆¯22P
+2
[
F (2, c22P )− F (2, c¯22P ) + (c¯22P − c22P )
dF (2, c¯22P )
dc¯22P
]}
. (IV.23)
In the above expressions, c¯22P = c
2
2P |q2=−µ2 = m2 + x(1 − x)µ2. Note that for R−1 → ∞, the above expression
reduces to the usual one obtained in this renormalization scheme, that is, the new physics effects decouple, as
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must be. This low energy behavior of the polarization function must be contrasted with that previously found in a
mass-independent scheme, in which there is no decoupling.
B. The effective charge
The vacuum polarization function allows us to define an effective charge [19]:
αeff(q
2) =
e2B
4π
1
1−ΠB(q2) =
α
1−Π(q2) , (IV.24)
where ΠB(q
2) and Π(q2) are the bare and renormalized vacuum polarization functions, respectively. The effective
charge has the following properties: (1) it is gauge independent, since the vacuum polarization function is gauge
independent to all orders; (2) as a consequence of the Ward identity discussed in subsection III D, the effective charge
can be expressed in terms of bare quantities, so it is both renormalization scale- and scheme-independent; (3) at
q2 = 0, it matches the fine structure constant αeff(0) = α =
1
137.035··· ; (4) for
−q2
m2
≪ 1, it gives the correction to
the Coulomb’s law for the interaction between two static heavy charges; (5) the virtual contribution of a fermion
f to the renormalized one-loop vacuum polarization can be reconstructed directly from the tree-level cross section
σ(ψ−ψ+ → f−f+). The last two points arise as a direct consequence of the analytical properties of the polarization
function. It is important to mention that this is no longer true when QED is embedded in the electroweak sector of
the SM, as the W gauge boson contribution leads to a vacuum polarization which is gauge dependent3.
In our case, (4 + n)DQED predicts, at the one-loop level, an effective charge given by
α
(4+n)D
eff (q
2) =
α
1−Π(4+n)D(q2) , (IV.25)
with Π(4+n)D(q
2) given by Eq.(IV.15). It should be noted that the KK contribution has the same analytical structure
as the QED contribution. Because of this, one expects α
(4+n)D
eff (q
2) to possess the same properties as αeff(q
2). In fact,
we can see that properties (1) to (3) are clearly fulfilled. We now proceed to analyze the modifications introduced
by extra dimensions on the properties (4) and (5). To simplify the analysis, we will consider only one extra dimension.
We begin by studying the analytical structure of Π5D(q
2). We note that for q2 < 0, which corresponds to the t- or
u-channel, Π5D(q
2) is real and well defined. However, when q2 > 0, which corresponds to the s-channel, Π5D(q
2) can
have an imaginary part. In this case, the logarithms that define Π5D(q
2) can have branch cuts when their arguments
are negative. Since the x(1 − x) factor is at most 1/4, the logarithms in Π5D(q2) have branch cuts beginning at
q2 = 4m2, q2 = 4m2
ψ(1)
, q2 = 4m2
ψ(2)
, · · · . · · · , (IV.26)
Assume that m2
ψ(n)
− x(1 − x)q2 is negative up to a given Fourier index N , so Π5D(q2) have negative logarithms up
to the term m2
ψ(N)
−x(1−x)q2. This means that we have N replicas of the QED case. The QED result is well known
in the literature (see, for instance, Ref. [25]), so we will just present the prediction of 5DQED,
Im
[
Π5D(q
2)
]
=
αQ2ψ
3
[
β
(
1 +
2m2
q2
)
+ 2
N∑
n=1
β(n)
(
1 +
2m2
ψ(n)
q2
)]
, (IV.27)
where β =
√
1− 4m2/q2 and β(n) =
√
1− 4m2
ψ(n)
/q2. The factor of 2 multiplying the KK contribution in (IV.27)
is due to the two degenerate excitations ψ
(n)
(1) and ψ
(n)
(2) . Eq. (IV.27) implies the well-known fact that the one-loop
contribution of the ψ(n) fermion to the vacuum polarization determines the cross sector of the ψ¯ψ → ψ¯(n)ψ(n) process.
Such a connection is given by:
e2
q2
Im
[
Π5D(q
2)
]
β(n)
= σ
(
ψ¯ψ → ψ¯(n)ψ(n)
)
, (IV.28)
3 The possibility of extending the QED concept of effective charge to the non-abelian case has been studied [28] in the context of the
Pinch Technique [29].
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=
2
Im
ψ−
ψ+
ψ(m)
ψ−
ψ+
ψ−
ψ+
ψ(m)−
ψ(m)+
FIG. 6: The relation between the imaginary part of the ψ(n) contribution to the one-loop vacuum polarization and the tree-level cross
section σ
(
ψ¯ψ → ψ¯(n)ψ(n)
)
in 5DQED.
where the subscript β(n) in Im
[
Π5D(q
2)
]
indicates that only the term proportional to β(n) is considered, as it is
shown in Fig. 6.
The imaginary part of Π5D(q
2) also induces a correction on the Coulomb’s Law, that is, Veff(r) = V (r) + δV (r),
where V (r) is the classical potential and δV (r) the quantum correction. Following Ref. [25], we obtain in our case:
δV5D(r) ≈ − α
2
4
√
π r
e−2mr
(mr)
3
2

1 + 2 N∑
n=1
e−2n(
r
R )(
1 + n
mR
) 3
2

 . (IV.29)
Note that the QED result is recovered in the limit as R→ 0.
C. The beta function
The beta function measures the variation of the coupling constant with energy. It is defined by
β(e) = µ
de
dµ
, (IV.30)
where µ is an energy scale. The purpose of this section is to calculate the beta function in the context of (4+n)DQED.
In theories in which the particle masses can be ignored, the calculation of the beta function is actually very simple
if a mass-independent subtraction scheme is used, such as MS or MS, which do not involve a kinematical point to
define the counterterm. MS-like schemes have an disadvantage, because heavy particles do not decouple at energies
below their masses, as required by the decoupling theorem [30]. Since the beta function is a physical quantity, effects
of extra dimensions must decouple at energies much smaller than the compactification scale R−1. In our case, it is
clear that we should not use a MS-like scheme because the KK mass spectrum comprises a wide range of energy. Due
to this, we will compute the beta function using a mass-dependent scheme. In particular, we will use the µ-scheme
already introduced in this section. It is worth studying the beta function in cases n = 1 and n = 2.
The case n = 1. Using the renormalization condition
Π5D(q
2 = −µ2) = 0 , (IV.31)
we obtain the following counterterm
δ3 = − α
4π
∫ 1
0
dxfP (x)
[
Γ
( ǫ
2
)( ∆¯22P
4πµˆ2
)− ǫ2
+ 2
(
R−2
4πµˆ2
)− ǫ2
Γ
( ǫ
2
)
E
c¯22P
1 (1)
]
, (IV.32)
where we have put Q2ψ = 1 for simplicity. This counterterm leads to the following beta function:
β5D(e) = eµ
2 ∂δ3
∂µ2
=
e3
(4π)2
∫ 1
0
dxfP (x)
[
x(1 − x)µ2
m2 + x(1 − x)µ2 + 2
∞∑
k=1
x(1 − x)µ2
m2
ψ(k)
+ x(1− x)µ2
]
=
e3
(4π)2
∫ 1
0
dxfP (x)
[
x(1 − x)µ2
m2 + x(1 − x)µ2 +
√
x(1 − x)µ
R−1
coth
(√
x(1− x)µ
R−1
)
− 1
]
. (IV.33)
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This beta function depends on the ratio of fermion masses m, m2
ψ(m)
and the subtraction point µ. In particular, when
m≪ µ the QED contribution approaches the value obtained in the MS scheme, so
β(e) =
e3
12π2
+
e3
(4π)2
∫ 1
0
fP (x)
[√
x(1 − x)µ
R−1
coth
(√
x(1− x)µ
R−1
)
− 1
]
. (IV.34)
If on the other hand, m≪ µ≪ R−1, we recover the QED result
β(e) =
e3
12π2
. (IV.35)
This result shows us that the new physics effects are of decoupling nature. Another interesting scenario is when
m≫ µ, in which the beta function vanishes.
The case n = 2. In this case, there are two coupling constants, namely e and α(1), each with its associated beta
function, but we will limit ourselves to analyzing the usual beta function. From Eq. (IV.19a), a direct calculation
leads to
β6D(e) =
e3
(4π)2
∫ 1
0
dxfP (x)
{ [
x(1 − x)µ2]2
[m2 + x(1 − x)µ2]2 + 2x(1− x)
(
µ2
R−2
)
c¯22P
d2F (2, c¯22P
d(c¯22P )
2
}
. (IV.36)
This expression can be rewritten in terms of Epstein functions using the following identity
d2F (2, c¯22P )
d(c¯22P )
2
= 2E
c¯22P
1 (2) + E
c¯22P
2 (2) , (IV.37)
which arises from Eq. (IV.9). Note that both E
c¯22P
1 (2) and E
c¯22P
2 (2) Epstein functions are convergent. Introducing
these functions, one has
β6D(e) =
e3
(4π)2
∫ 1
0
dxfP (x)
{ [
x(1 − x)µ2]2
[m2 + x(1 − x)µ2]2 + 2x(1 − x)
(
µ2
R−2
)
c¯22P
[
2E
c¯22P
1 (2) + E
c¯22P
2 (2)
]}
. (IV.38)
Thus, for m ≪ µ, we have the usual beta function obtained in the MS scheme plus a new physics correction given
by a power series in µ/R−1,
β6D(e) =
e3
12π2
+
e3
(4π)2
∫ 1
0
dxfP (x)2(c¯
2
2P )
2
[
2E
c¯22P
1 (2) + E
c¯22P
2 (2)
]
, (IV.39)
which is a behavior similar to the case of only one extra dimension. The scenarios m ≪ µ ≪ R−1 and m ≫ µ are
also identical to the case of only one extra dimension.
V. SUMMARY
In this paper, we have comprehensively studied the one-loop structure of the fermion self-energy, the photon
self-energy, and the vertex function in QED with one extra dimension. The discrete and continuous sums that
characterize the one-loop amplitudes in this type of theories were regularized using the dimensional-regularization
scheme. As a consequence, the KK contribution to these one-loop amplitudes is proportional to products of the
gamma function and the Epstein function, both depending on the complex number ǫ = 4 − D. Such contributions
are proportional to Γ(ǫ/2)Ec
2
1 (ǫ/2). This expression tells us that the role of the E
c2
1 (ǫ/2) function is to quantify
the impact of the ultraviolet divergences induced by the infinite number of KK fields. However, the 1-dimensional
Epstein function Ec
2
1 (s) has poles at s = 1/2,−1/2,−3/2, · · · , so this infinite sum is convergent in the ǫ → 0 limit.
Consequently, Γ(ǫ/2)Ec
2
1 (ǫ/2) = Γ(ǫ/2)E
c2
1 (0) = Γ(ǫ/2)ζ(0), with the Riemann zeta function having the value
ζ(0) =
∑∞
n=1 = − 12 . Due to this property of the Epstein function, we were able to define renormalized quantities that
are reduced to the usual ones of QED in the R−1 → ∞ limit. It was shown that 5DQED fulfills the Ward identity
satisfied by QED, which in turn implies that eB = Z
− 12
3 e, being this the main feature of abelian gauge theories. In the
case of the photon self-energy, 5-dimensional QED has a double multiplicity of KK fermions, so their infinite number
22
of excitations induce an ultraviolet divergence proportional to 2ζ(0) = −1, which cancels the ultraviolet divergence
generated by the zero mode. Nonetheless, this curious result is exclusive of QED with only 1 extra dimension. The
correction induced by the extra dimension on the anomalous magnetic dipole moment was calculated, showing that
it is free of both infrared and ultraviolet divergences and reduces to the usual QED result in the R−1 → ∞ limit.
Since any vertex function of canonical dimension higher than 4 is proportional to Γ(N + ǫ/2)Ec
2
1 (N + ǫ/2), with
N an integer number, it is clear that this type of products is free of divergences, so, at the one-loop level, the only
ultraviolet divergences in 5DQED are the usual ones of QED.
The photon self-energy was also explored in the context of QED with an arbitrary even number n of extra
dimensions. It was shown that for n ≥ 2, two types of divergences emerges from the Epstein functions appearing
in the loop amplitudes through the sum of products
∑n
l=1
(
n
l
)
Γ
(
ǫ
2
)
Ec
2
l
(
ǫ
2
)
. These types of divergences arise
as a consequence of reducing multidimensional Epstein functions into the one-dimensional one. For example, a
two-dimensional function breaks down as Ec
2
2
(
ǫ
2
)
= − 12Ec
2
1
(
ǫ
2
)
+
√
π
2 Γ
(− 12 + ǫ2) Ec21 (− 12+ ǫ2 )Γ( ǫ2 ) . In the last term,
Ec
2
1
(− 12 + ǫ2) diverges for ǫ→ 0 but the pole is canceled by the gamma function, so Ec22 ( ǫ2) converges in this limit.
However, when we consider the product Γ
(
ǫ
2
)
Ec
2
2
(
ǫ
2
)
, the result is the presence of two types of divergences, one
type associated with the pole of the gamma function and the other from the pole of the one-dimensional Epstein
function. Since the one-dimensional Epstein function is in turn expressed as a power series in c2 ∼ q2
R−2
, the
divergences associated to it emerge naturally as coefficients of powers of the external momenta. We argued that the
first type of divergences, which do not involve the compactification scale, are usual ultraviolet divergences in the
sense that they correspond to short distance effects in the usual spacetime manifold. On the other hand, the second
type of divergences, which appear as coefficients of powers of q
2
R−2
, are also genuine ultraviolet divergences since
they arise from short distance effects in the compact manifold, so they can be removed from amplitudes through
renormalization. To generate the required counterterms, interactions of canonical dimension higher than four must be
introduced, which is not an obstacle, since such interactions are already available in our effective Lagrangian, which
contains all interactions compatible with the ISO(1, 3)×UQ(1,M4) symmetry. The way to implement renormalization
in a modern or broader sense in Kaluza-Klein theories was studied in detail. The vacuum polarization function
Π(4+n)D(q
2) was calculated and used to study the properties of the effective charge. Since the KK contributions to
the polarization function have the same analytical structure as the zero mode contribution, the main properties of the
effective charge are automatically fulfilled. By way of illustration, the relation between the imaginary part of the ψ(n)
contribution to the one-loop vacuum polarization and its relation with the tree-level cross section σ
(
ψ¯ψ → ψ¯(n)ψ(n))
was discussed in 5DQED. The contribution from the quantum correction to Coulomb’s Law was calculated in 5DQED.
One important contribution of our work is the study of the beta function in the cases 5DQED and 6DQED. The
calculation of this function was performed using a mass-dependent scheme, instead of mass-independent schemes
that are commonly used in QED, as MS-like schemes. The reason for this is that KK theories have a mass spectrum
that covers a wide range of energies. Because of this, we use the so called µ-scheme, with µ an arbitrary subtraction
point. The beta function so obtained fulfills all physical requirements. In particular, for energies m ≪ µ ≪ R−1 it
reduces to the well-known result of QED obtained in a mass-independent scheme. For m ≫ µ, both the zero mode
and KK excitations decouple, so the beta function vanishes, as it occurs in QED. All these facts clearly reflect that
our beta function fulfills all desirable physical requirements.
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